A full quantum theory is developed for semiconductor quantum ring photoluminescence. The computations show that the orbital angular momentum (OAM) of individual excitons yields strong angle-dependent emission. The characteristic OAM signatures also survive significant amount of dephasing, suggesting efficient quantum-level coupling between quantum-ring excitons and the OAM of light.
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Accessing orbital angular momentum of quantumring excitons via directional semiconductor luminescence 
Introduction
The realization of schemes that make orbital angular momentum (OAM) of light detectable has opened new possibilities to study light-matter interaction [1] [2] [3] [4] . While circularly polarized light can excite a specific spin state in matter [5, 6] , helical phase fronts of light beams carry and excite any angular momentum l, where l is integer valued [4] . These wavefronts are mathematically manifested in the φ e l i -dependent mode functions with the azimuth angle φ [4] . The OAM properties of light have been utilized in, for example, optical tweezers [7] , imaging [8] , and laser ablation [9] . Furthermore, the OAM aspects are particularly interesting for both classical [10, 11] and quantum information [12, 13] applications, because OAMs can encode high-dimensional states. To utilize the whole potential of OAM, e.g., in quantum information networks [14] , it is important to find microscopic systems where the coupling of OAM between light and matter is efficient enough and experimentally detectable.
Systems involving atoms have been extensively studied to achieve the needed quantum-level OAM lightmatter coupling. The manipulation of electronic transitions and center-of-mass movement of atoms with OAM of light have been theoretically studied. As a result, the center-of-mass effects are typically found to be much more pronounced than the electronic ones [15] [16] [17] [18] . However, the experimental verification of light-matter coupling in a single-atom level has been found to be challenging [4, 19] , due to the small size of individual atoms, whereas macroscopic states, such as Bose-Einstein condensates of atoms, are large enough to interact efficiently with OAM light modes. Consequently, OAM coupling between light and matter has been demonstrated with different types of collective excitations of various atomic ensembles [20] [21] [22] [23] even at the single-photon level [24, 25] .
In semiconductors, the Wannier excitons [26] are quasiparticles consisting of electron-hole pairs bound together by the Coulomb interaction. Due to their relatively large size, exciton states should interact with the OAM of light more efficiently than an atom. This type of coupling has already been demonstrated with semiconductor excitations in mesoscopic thin film structures [27, 28] . The OAM effects can be particularly interesting in quantum-confined structures with circular symmetry, especially when the movement of electrons is confined in all three dimensions. In such quantum-dot-like systems, the electronic states have the same φ e l i dependence as the OAM light modes enhancing the electron-light OAM coupling. However, the electronic transitions in conventional quantum dots suffer partly from similar small-size restrictions as transitions in atoms, a limitation that may be circumvented by a quantum ring (QR) [29] . The doughnut-like topology of a QR makes it possible to introduce a fully quantized charge-carrier system with a large diameter and a strong OAM dependence [29, 30] . The resulting interactions can even occur with OAM modes of a plane-wave field that has a zero OAM, on average [31] . As a consequence, one should be able to efficiently excite excitons of varying OAM in QR systems.
In this work, we study quasi-stationary photoluminescence (PL) emitted from a QR structure by varying excitation conditions. We show that even a single QR produces a significant OAM coupling and that the angleresolved PL is highly dependent on the OAM distribution of excitons. We also demonstrate that the angledependent PL can efficiently be applied to investigate OAM coupling between excitons and light. Furthermore, we find that the different OAM channels can be resolved even when the scattering and dephasing effects become appreciable. The applicability of the effect is studied in two QR systems with different physical radii.
Idea of angle-dependent PL from rotating excitons
Following a fully microscopic theoretical approach [26, 32] , we derive the steady state of semiconductor luminescence equations [32, 33] . The full derivation and complete PL spectrum ω θ I ( , ) PL , used in all our computations, is presented in the appendix. In this work, we consider only emission of s-polarized light to eliminate unnecessary complications resulting from scalar products between the dipole-matrix element and polarization vectors of light modes [34] . The physical consequences depicted by the full quantum theory can be illustrated via a simplified Elliott luminescence formula [26, 33] for the QR emission spectrum: where ω  is photon energy, θ is the emission direction indicated in figure 1 , ω = q cis the wavenumber, c is the speed of light in vacuum, R is the radius of the QR, n is the refractive index, and J M is the Bessel function of the first kind. The exciton states have energy (1) gives the PL intensity accurately when the emission is dominated by the ν = s 1 contribution, the thickness of the ring is considerably smaller than the wavelength of photons and the oscillator strengths for different s 1 states are equal; full computations include effects beyond these simplifications. We describe dephasing with a phenomenological constant γ. It defines the linewidth of PL peaks and its value is affected by various three-body scattering processes stemming from the Coulomb as well as from phonon interactions [26] .
When s 1 population dominates the many-body state, which is studied in here, excitonic PL originates almost exclusively from the exciton densities ΔN , which allows us to distinguish the different OAM states from the θ dependence of the PL. More specifically, excitons rotating with different absolute values of | | M should have distinctly different angular dependence. For example, the behavior of J M (x) near x = 0 is proportional to | | x M such that only the M = 0 exciton can emit light to θ = 0 angle (if the plasma part is omitted). However, for larger angles also excitons with ≠ M 0 will contribute to the θ > 0 emission. This idea is schematically presented in figure 1 for two particular excitons (blue spheres) with M = 0 and M = 1; OAM of M = 1 state is indicated by the blue arrow. The resulting PL contributions to different angles θ emitted from these excitons are indicated by the red arrows and curves that are in the y-z plane. 
Results
To resolve the OAM dependence of PL in more detail, we calculate PL spectra for angles θ = 0 and a larger angle for two different GaAs-based QR model systems. We choose θ π = 2 to represent the larger angle as the limiting value of an experiment. In both systems, the lateral thickness of QR, difference between the inner and outer radii, is 35 nm and the height is 3 nm. In figure 2(a), the results are shown for the smaller QR that has a radius of 50 nm. The corresponding results for the larger QR with a 150 nm radius are presented in figure 2(b). Other details of geometry and material parameters for these model structures are given in the appendix.
In both systems, we consider five different initial excitation conditions. The red solid line in figure 2 is the computed PL from type ν = = M s ( 0, 1)excitons. We also analyze emission for equal | | = M 1 (black solid), | | = M 2 (red broken), and | | = M 3 (light blue dotted) occupations. In all of these four cases, we have chosen
3 while all ν ≠ s 1 populations are set to zero. We also investigate the emission from a thermal exciton distribution and the related results are indicated by the shaded area. This distribution follows from
with N 0 chosen so that the occupation of type ν = = M s ( 0, 1)exciton is equal for the thermal distribution and for the pure M = 0 excitation. The temperature is T = 30 K and a relatively small dephasing value γ = 0.06 meV is used. PL is normalized with respect to the maximum emission obtained when M = 0 and θ = 0. can be much larger, resulting from the omission of the plasma contribution.
By considering the properties of θ J nRq ( sin ) M 2 or directly PL in figures 3(a-i) and (b-i), we see that at larger θ angles we observe more oscillations using the larger QR. This is directly related to the nRq argument of the Bessel functions; a larger QR radius simply induces a stronger θ and OAM dependence in PL. Since M is fixed and q is nearly constant (defined roughly by the band gap), small enough QRs cannot emit light through excitons with large OAM numbers. Figure 3 (a-i) shows that for the smaller QR, only type = M 0, 1, 2 excitons produce appreciable PL. At the same time, figure 3 (b-i) shows that the larger QR emits light to all M states analysed. In fact even M = 5 still produces a significant PL.
As PL measurements can detect intensity variations over several orders of magnitude [35] , it is useful to calculate also relative differences of expected PL experiments by introducing , , The computed ΔPL is shown in figures 3(a-ii) and (b-ii) using the same linestyles, excitations and γ as in figures 3(a-i) and (b-i). We observe that ΔPL changes appreciably when θ exceeds roughly π 6 for the smaller and π 20 for the larger QR. In other words, OAM effects are detectable by comparing θ dependence of PL in a rather small angular range. As a general trend, the θ dependence becomes slower as | | > M 0 is increased. For the larger QR, M = 1 excitation produces an additional peak (black line, figure 3(b-ii)) close to the value θ π = 3; this stems from the zero-crossing of J 2 M at this specific value, see figure 3 (b-i). Interestingly, ΔPL depends strongly on θ only for pure excitonic emitters. For the thermal state, the shown ΔPL remains essentially constant. To resolve OAM for this case, one obviously needs to analyze the full spectrum and its θ dependence, as shown in figure 2 .
In general, (1) shows that both plasma and exciton populations contribute to PL. However, the plasma source ν N M, S is typically orders of magnitude smaller than the Δ ν N M, population because it depends quadratically on density at the low density regime whereas ν N M, S dependency is linear. Therefore, the influence of . The corresponding ΔPL is plotted for the smaller QR (a-ii) and the larger QR (b-ii).
plasma on PL spectra is weak whenever the system contains exciton populations [35] . As a general trend, the plasma contributions produce a very weak θ dependence. Consequently, the OAM dependence of PL stems essentially from the excitons. Experiments can resolve individual exciton resonances only if the broadening of resonances remains small enough. Therefore, it is important to check how well the OAM effects can be resolved as a function of the dephasing γ. For this purpose, figure 4 presents Δ π γ PL( 2, ) as a function of γ for the smaller QR with the same excitation conditions and linestyles as in figure 3 . For M = 0 excitation, ΔPL is independent of γ, whereas ΔPL saturates to the values for other initial conditions indicated in figure 3 (a-ii) as soon as γ approaches the energy difference between the considered M exciton and ω  0 . Consequently, even when the spectral separability of exciton resonances is lost the θ dependence of ΔPL remains and is not influenced by increasing values of γ.
The strongest γ dependence is found with the thermal distribution, where the separability of OAM excitons is based on spectral resolution. Figure 4 shows that this separability for the smaller QR at 30 K is basically lost for dephasing greater than 0.5 meV. After this, a ΔPL measurement at a single spectral point detects a mixture of OAM effects that tend to average to zero. This result implies that OAM dependence is easier to observe when the system contains individual excitons.
In a realistic situation, a single exciton state is accompanied by a thermal background of excitons so that it is interesting to study how large singular exciton populations must be present in order to detect clear OAM signatures. To determine this precisely, we compute Δ θ γ PL( , ) when a singular density, ΔN M s ,1 add , of M s ( , 1 ) excitons is added to the otherwise thermal distribution Δ ν N j, th . We assume that the total density
th is constant and define the added singular fraction via
M s add ,1 add tot Figure 5 presents ΔPL as a function of F add for the addition of = M 0 ,..., 3 type excitons with the same linestyles as in figures 3 and 4; results for the smaller and the larger QR are shown in frames (a) and (b), respectively. We use 30 K exciton temperature for Δ ν N j, th , γ = 1 meV, and determine Δ θ γ PL( , ) at that θ angle which maximizes ΔPL for each F add separately. Figure 5 shows that already small fractions of additional M = 0 and M = 1 excitons can be detected from the thermal background with both QRs. In the small QR, a much larger fraction of type M = 2 excitons is needed for clear separation while type M = 3 excitons are not detectable until almost 100% of excitation includes them. In the larger QR, these states can also be easily separated from the thermal distribution, which indicates that excitonic OAM effects are easier to detect in larger QRs using angle-resolved PL.
Summary and conclusions
As a summary, we have studied angle-of-emission resolved PL from a semiconductor QR structure. We have shown that the angle dependence of light emission from excitons is directly related to the absolute value of the center-of-mass OAM quantum number M of excitons. Thus, this effect can be used to measure excited OAM distributions of excitons in QRs. The effect is strongest in the low-density regime of charge carriers when only excitons with one | | M value are excited. Both the plasma contribution to PL and the existence of other M channels of excitons will reduce the usability of angle-resolved PL to detect explicit densities of | | M excitons. We studied the separability of M excitons from the thermal distribution and found that in small QRs the detection of additional excitons with | | > M 1 needs a considerable fraction of these particular states compared to the total density. In contrast, we found that PL from larger QRs can be used to observe excitons with higher M numbers from the angle-of-emission independent background. In addition, the dephasing independence of our results indicates that our scheme of characterization of OAM states is highly robust and can be used to interpret measurements under different experimental conditions.
In the present work, we investigate QRs with isotropic electron and hole masses close the Γ point. Many current QR experiments [36] [37] [38] are realized with GaAs-type systems where the mass is indeed highly isotropic [39, 40] , validating our predictions for such systems. However, there are several materials such as Ge and ZnO whose effective masses can be highly anisotropic [41, 42] even in nanostructures [43] [44] [45] . In such systems, the mass anisotropy breaks the rotation symmetry such that the OAM is not a good quantum number for the electronic states. For example, circular OAM states become elliptic, which also modifies the the specific selection rules for the angle-of-emission-dependent transitions. For small modifications, one can use perturbation theory to access the small changes in the predicted angle-of-emission dependence. Since the level of mass anisotropy can be systematically controlled by the growth direction, strain, quantum-confinement geometry, etc., it clearly is interesting to study the interplay of this symmetry breaking and the directional OAM effects in further investigations.
Besides extensions to study mass anisotropy, one could also explore the intricate many-body scattering effects [32] behind the broadening of PL resonances and the lifetimes of M excitations. It has already been verified that the luminescence times in QR systems are considerably increased when measurements are performed at high temperatures, which can be possibly related to the spreading of excitations over dark states [38, 46] . How well this spreading conserves OAM of exciton states, as well as many other aspects of light-matter OAM coupling in QRs, could be resolved by measuring time-and angle-dependent PL simultaneously. These kinds of measurements together with our results can lead to new technologies in which microscopic systems capable of storing and further manipulating OAM information are needed.
. Here, λ w r ( )is the crystal periodic Bloch is the confinement function, and λ is the band index with values λ = c or λ = v for the conduction and valence band, respectively. Furthermore, we assume that the lateral thickness and height of the studied QRs are so small that the relevant electronic states for our calculations remain in their ground state with respect to the radial-and z-directional excitations. Thus, the confinement index m defines the OAM quantum number of single-particle states with respect to the axis of the circularly symmetric ring. The assumed symmetry of QRs is used to separate the azimuth-angle dependency of the confinement functions, giving ξ ρ = 
, , for a QR system [33] . Here, for simplicity, we have only given the equation for Δ〈 〉 B B† in (A.10) and already omitted the contribution of stimulated emission [26] in (A.11). Furthermore, we have assumed that long enough time has passed after the optical excitation, so that all optical coherences have already vanished [26] and that the system is in a homogeneous state [26] where all excitations are distributed evenly across the QR circumference. In the preceding equations, γ includes phenomenologically the triplet-correlation-induced dephasing [32] and 
